* The figure indicates that if the average of b s /a s values is less than 0.5, the particles are an oblate ellipsoid. Figure 9 shows the variation of N V with time in a system in which DNϭ100 particles are nucleated successively per unit time and grow at the same rate as in Fig. 8 . The rate of increase in the particle number was determined to be J V ϭ 102.8 by least square method, close to the increasing rate of actual particle numbers. These figures show that the procedures described above can correctly estimate the particle density in the case of both constant and varying particle numbers. Figure 10 shows the variation of N V with time calculated with the same nucleation and the growth rate as in Figs. 8 and 9, incorporating particle impingement. The N V first increases with time, but turns to decrease at tϳ8. If nucleation stops at tϭ8, the amount of decrease becomes greater. Figure 11 shows the variation with time of the number of clusters of impinging particles, where n is the number of sections contained in one cluster. Solid triangles are the sum of the clusters of various sizes to be observed on the test plane. Thus, the influence of particle impingement on the estimation of particle density is very large. The simulat- ed temporal variation of N V is similar to that of the number of ferrite allotriomorphs in Fe-C(-X) alloys reported previously, 15, 16) which indicates that impingement of ferrite particles already occurred within austenite grain boundaries, although the fraction transformed was small at the time of measurement.
Introduction
The information of the distribution of precipitate particles in 3-dimensions is essential to understand the kinetics of phase transformations and properties of materials. This is particularly relevant to the development of the technique of microstructure control by inclusions. In common practice the microstructure is observed on the plane of polish and a stereological treatment is applied to determine the particle number, morphology and size distribution in the specimen volume. [1] [2] [3] [4] [5] [6] [7] [8] [9] One such treatment is the Schwartz-Saltykov analysis. 4, [10] [11] [12] In this treatment particles are assumed to be spherical. The size of particles is measured on the plane of polish and the number of particles in the predetermined size groups is counted. The distribution of precipitate particles in the specimen volume are then estimated from the probability of sectioning the particles by randomly oriented and randomly positioned planes.
A number of problems arise in applying this analysis to actual microstructures. First, the maximum particle size, one of the key parameters in the analysis, can not be determined easily. Usually, the observed maximum particle size is assumed to be the actual maximum particle size. Secondly, the morphology of particles is irregular. Even if the particle shape can be classified in a single morhology, e.g. oblate ellipsoid, the aspect ratio varies widely in one specimen. Thirdly, particles are not formed uniformly. In the areas of high particle density the impingement of particles may occur extensively.
In this report the influence of these complexities in actual microstructures on the determination of particle numbers in 3-dimensions is studied by computer simulation. Spherical or ellipsoidal particles were generated in a volume of fixed dimensions. The total number of particles per unit volume was calculated from the number and the size distribution of sections on a random plane, and compared with the number in the volume to discuss how various assumptions and model parameter values affect the results.
Simulation Method

Outline of Schwartz-Saltykov Diameter Analysis
Consider a cubic volume (the length of the side is L) in which N spherical particles are contained as illustrated in Fig. 1 . First, all particles are assumed to have the same diameter D (mono-dispersed system). Circular sections on a random test plane are divided into k groups according to their diameter. If the diameter lies between 2r i and 2r iϪ1 , where 2r i ϭiD , D ϭD/k is the width of the size group and k is the number of groups, the section is included in the i-th group. The probability of a section belonging to the i-th In studies of phase transformation kinetics a stereological analysis is often employed to determine the number of precipitate particles in the specimen volume from particle numbers measured on polished surfaces. Possible sources of error in applying Schwartz-Saltykov diameter analysis to measurements in actual microstructures were studied by computer simulation. Particles were generated in a fixed volume and their sizes were increased at prescribed nucleation and growth rates. The number and size distribution of sections were measured on random planes and the temporal variation of particle numbers per unit volume was calculated. It is demonstrated that the uncertainty of D max , the maximum particle size to be determined from microstructure in each measurement, does not cause an appreciable amount of error if D max is less than 3-5 times the actual maximum particle size. The increase in size and impingement of particles can produce a very different temporal variation of apparent particle numbers on the plane of polish from the variation of actual particle numbers in the specimen volume. The non-sphericity of particles, especially particles elongated in one direction (e.g. prolate ellipsoids), may cause a significant amount of error if they are treated as spherical particles. (7) The (N A ) kϪ1,k is calculated from, ....... (8) From Eqs. (4) and (5) (10) where the coefficient a i can be calculated successively from P i, j . In Table 1 the a i values for kϭ15 are shown.
12) It is seen that a i diminishes with increasing i, indicating that sections of larger radii contribute less to N V .
In case of non-spherical particles the size and the shape of sections vary not only with the distance of the test plane from the center of a particle, but also with the orientation of the particle relative to the test plane. In this study the influence of irregular particle morphology on estimation of a particle number is discussed assuming that particles are an ellipsoid of revolution.
A prolate ellipsoid has three principal axis a, a and c, and the aspect ratio is defined as qϭc/a (Ͼ1). The size of elliptical sections is measured along the minor axis b s , as illustrated in Fig. 2 . The number of sections of size i from particles of size j oriented by the angle q from the normal of the test plane is given by, (11) where A j is the (full) length of the minor axis of an ellipsoid of size j. The distance from the center of a prolate ellipsoid to the test plane which yields a section of size i, is greater than for a sphere by the factor, 4) ................ (12) If all particles have the same orientation, e.g. vertical to the test plane (qϭ0°), the number of sections is q times as large as that of spheres. If particles are randomly oriented, 12) averaging with respect to the angle q and summing with respect to the size group, Eq. (11) yields, 4) ........ (13) where DϭA k /k, and k(q) is given by, ...... (14) For oblate ellipsoids whose aspect ratio is qϭc/a (Ͻ1), the same equation can be used. It is noted, however, that the particle size is measured along the major axis of a section on the test plane. Thus, DϭA k /k is defined in the same way as prolate ellipsoids. The calculated k(q) was plotted as a function of q in Fig. 3. 
4)
Calculation of the Size of Sections on the Test Plane 2.2.1. Spherical Particles
In the first step N particles are generated randomly and their sizes were increased at a prescribed rate to simulate microstructural evolution during heat treatment. A horizontal test plane at zϭz 0 intersects the n-th particle if the radius at time t, r n (t), and the position of the center (x n , y n , z n ) satisfy the inequality, r n (t) Then, the size group of the section is determined and N V is calculated from Eq. (10). Two modes of nucleation were assumed. They are continuous nucleation and instantaneous nucleation (or site saturation) modes. These are considered to be relevant in ferrite transformation in iron alloys. [13] [14] [15] [16] For simplicity, the growth is assumed to occur at a constant rate, i.e. proportional to holding time.
As precipitate particles grow, they begin to impinge with each other. In case that precipitates formed in a local area, e.g. at grain boundaries, have an orientation close to each other, boundaries between the particles are not clearly etched. Practically, these particles are often counted as one large particle and their contribution to N V becomes smaller as a i rapidly decreases with the group number i (Table 1) . In the simulation, if the distance between the centers of two sections on the plane was smaller than the sum of their radii, the particles were regarded as impinging and recorded as a cluster of two particles.* If one cluster had the same particle (or section) as another cluster, they were combined to form a cluster of larger size. This procedure was repeated until no cluster had a particle in common with the other clusters. In each cluster lines were drawn through the centers of all pairs of sections and the longest one was taken to be the cluster size, as illustrated in Fig. 4. 
Ellipsoidal Particles
As shown in Fig. 2 , in the (xЈ, yЈ, zЈ) coordinates a prolate ellipsoid of the aspect ratio q is expressed by the equation, where a n (t) is the minor axis of the n-th particle, a n s (t) and b n s (t) are the major and minor axes of the ellipse. They are given by, respectively. Other coefficients are defined by, and, As a test of the simulation procedure the mean b s /a s value of elliptical sections on a test plane in a system of Nϭ500 particles was calculated and plotted against the aspect ratio in Fig. 5 . The curves of prolate (plotted against 1/q) and oblate particles are in excellent agreement with those derived theoretically. 3) This indicates that the procedures described above can measure the size of the sections correctly*.
Results and Discussion
Influence of D max on the Estimation of N V
In practice the largest particle size observed on the plane of polish is assumed to be D max , the maximum particle size in the volume. It is necessary to check how much error is involved if a wrong D max value was used. First, Nϭ400 spherical particles of radius 2rϭ10 (mono-dispersed) and secondly, Nϭ400 particles of diameter 2rՅ20 (ploy-dispersed) were distributed randomly in a cubic volume of Lϭ200. The average of estimated N V values with six different random number sequences is shown in Fig. 6 . The number of size groups is kϭ15. For simplicity the cubic volume is regarded as unit volume and thus, N V ϭN. In the monodispersed system N V is overestimated with D max less than 10. On the other hand, the calculated N V is close to the actual particle number with D max up to ca. five times the size of particles. In the poly-dispersed system N V is close to the actual particle number with D max greater than ϳ15 and up to ϳ60. Thus, it is not necessary to use D max exactly equal to the actual maximum particle size. Instead, it may be advantageous to assume a D max value 2-3 times larger than the observed maximum particle size for safety.
The distribution of (N V ) i in the poly-dispersed system is shown in Fig. 7 . Even if the total number density is evaluated correctly, (N V ) i 's are considerably different from the actual distribution of the particle size, implying that (N V ) i is fairly sensitive to (N A ) i . The difference between them was not reduced in the simulation with larger particle numbers. Figure 8 shows the variation with time of N V in the system of Nϭ400 particles. The particles are nucleated at time tϭ0 (site saturation mode) and grow at a rate of Drϭ0.5 per unit time (time t is measured in an arbitrary unit). It is seen that the calculated N V is nearly constant as expected, whereas the total number of sections on the test plane N A increases. This indicates that the increase in the apparent number on the test plane does not necessarily mean the increase in the number of particles per unit volume. Figure 9 shows the variation of N V with time in a system in which DNϭ100 particles are nucleated successively per unit time and grow at the same rate as in Fig. 8 . The rate of increase in the particle number was determined to be J V ϭ 102.8 by least square method, close to the increasing rate of actual particle numbers. These figures show that the procedures described above can correctly estimate the particle density in the case of both constant and varying particle numbers. Figure 10 shows the variation of N V with time calculated with the same nucleation and the growth rate as in Figs. 8 and 9, incorporating particle impingement. The N V first increases with time, but turns to decrease at tϳ8. If nucleation stops at tϭ8, the amount of decrease becomes greater. Figure 11 shows the variation with time of the number of clusters of impinging particles, where n is the number of sections contained in one cluster. Solid triangles are the sum of the clusters of various sizes to be observed on the test plane. Thus, the influence of particle impingement on the estimation of particle density is very large. The simulat- ed temporal variation of N V is similar to that of the number of ferrite allotriomorphs in Fe-C(-X) alloys reported previously, 15, 16) which indicates that impingement of ferrite particles already occurred within austenite grain boundaries, although the fraction transformed was small at the time of measurement.
Precipitate Nucleation Rate
Simulation Incorporating Particle Impingement
The omission of undetectably small particles can have a large influence on the estimation of the total number of particles since the weight factor a i is large for small i ( Table  1) . The amount of error may depend on the growth kinetics, that is, if the initial growth rate of particles is large the proportion of small particles is small.
Determination of the Number of Non-spherical
Particles The N V of Nϭ500 oblate particles of qϭ0.4 nucleated under the site saturation mode was calculated and results are shown in Fig. 12a . Solid symbols were calculated from Eq. (13). They indicate that N V is correctly evaluated by measuring oblate particles along the major axis of elliptical sections if the shape factor (ϭ0.832, Fig. 3 ) is included. If these particles are approximated as spheres, N V is underestimated as shown by open symbols. The amount of error is consistent with the omission of the shape factor.
On the other hand, prolate particles are classified by measuring the length along the minor axes of elliptical sections.
Simulation results for prolate particles of qϭ3 are shown in Fig. 12b . The N V is again correctly evaluated by incorporating the shape factor (ϭ1.81) as shown by solid symbols. A slightly smaller N V value at the earliest time (tϭ0) is probably because D max (ϭ20) was too large compared to the particle size at that time (2rϭ1). If these particles were treated as spheres and the particle size was measured along the major axis, larger N V values were obtained as shown by open symbols. This is the result of two opposing effects; one is the increase in the (N A ) i values of larger size groups (D max is fixed) which reduces N V according to Eq. (8) . The other is the increase in N V due to the omission of the shape factor.
The shape factor of oblate particles is deviated at most only ϳ20% from unity, whereas the shape factor of prolate particles increases rapidly with the aspect ratio (Fig. 3) . Hence, the total number of particles N V may be overestimated when oblate and prolate ellipsoids are mixed.
Summary
Possible sources of error associated with the stereological analysis for the estimation of particle numbers per unit volume from measurements on polished specimen surfaces, i.e. Schwartz-Saltykov analysis, in real microstructures were studied by computer simulation. The following conclusions may be drawn,
(1) As long as D max is less than 3-5 times the actual maximum particle size, N V can be correctly evaluated. A smaller D max than the actual maximum particle size may cause a significant amount of error. It is advisable to use D max a few times greater than the observed maximum particle size.
(2) The temporal variation of particle numbers on the plane of observation can be significantly different from that of actual particle numbers in the specimen volume. That is, the apparent particle number on the specimen surface can increase solely due to growth of particles; it can decrease due to extensive impingement even if particles continue to be nucleated.
(3) The number of oblate particles is slightly underestimated if the shape factor is omitted and particles are approximated as spheres. On the other hand, the number of prolate particles is overestimated, although the omission of the shape factor mitigates the error. The error becomes quite large with increasing the axial ratio of particles. As a result, when oblate and prolate particles are mixed, the total number tends to be overestimated.
The advantage and necessity of stereological analysis in the characterization of transformation behavior is emphasized.
